
MATH 2048 24-25 Midterm 2 Solution

I (a) . = Gei)
.

-> [TJp = (ib)
f+ (t) = t - 1 = (t + 1)(t - 1)

Let X1 = 1 ,
X2 = -1 .

Ex= x((" +) =

Span ((1))
Eil = N(( : i)) =

span (1) ·
dim (Ex . ) + dim(Exz) = 2 = dim(R2)

-To diagonalizable. u(xi) = &(i) Vi

(b) Suppose (X, , ...,
Xn] Is an egenvector with

eigenvalue X .

Then Xi+= XX: Fi

=> Xi = X X ,
and x =

1

Then Ex = span) (1 ,
X , x2, ...,
" "3

with dimension 1 ,
and

Y

X = / implies x = 1 or
-1 .

So [M(i) = 2 . 1 = 2 < n · for has.

In not dragonalizable for n - 3.



2(a)
· p

= [1
,
x ,
x G ·

[t)p = (ii)
I

f>(t) = ( 1 - t)((3 - t)(1 - t) + 1)
=

- t3 + 3t
=

- 4

By Cayley - Hamilton Thm
,
fe(T) = To

... -
3

+ 372 41= To> +3 : 37: 41.

.

:. f(x) = 3x= 4
.

(b) . [g]p = 10 , 3
,

2) T-

t
Note that [gJB , Eigip lin

,
ind. but

Eg = 4Tg - 4g = W = Spang , Tg).
=> dim (W) = 2

fir(t) = + - 4t +4 -



I
# + 9 -

↑

3
.

() Suppose T
*
into

. Then Ofer*

Egg w
+

St . T
*

(g) = f = gT = f

Pick x = NCT)
, gT(x) = f(x) E f(x) = 0 Of

- X =

0 .

. T one-to-one.

(E)
Suppose T one-to-one.

LetB be basis for V => T(p) /in ind.

Extend B to 8 as a basis for W.

Pick for*, define ge We as

g(w) = (foT"(w) if we Tip
O If weU)T(p).

ThenU veB
T

*

(g)(v) = g(Tv)
= foT" (TV)
= f(v) .

- T
*

g
=f = T into



4
.

Since U is diagonalizable·
Let V = Ex ,

0 ...
@ EX

,

where Ex: are elgenspaces of U
Pick X & Exi

uT(x) = TU(x)

UT(x) = x: T(x) = T(x) = Ex

=> Exi is T-invariant Fi

Let Wi = Ex
,
then
- (x) -

V = W, ... Wk is a direct sum

decomposition of V into T-invariant subspaces.
Since T is diagonalizable ,

let EV, ... Un] ·

be eyenbasis of T for V.

By (*)
, for all V; I ! Wij Fi.j sit.

Vj = Wij -j , Wije Wi i.

=> T(vi) : [: T(Wij) Vj

xjVj = [iT(wij] Ej

[xjWij = [T(wij) Vj

XjWij = T(Wij) Fi , j by (A)
.

: Wij = 0 or

~
of T

Wij is an engenvector with eigenvalue Aj.



Note that Ni :

Span &Wil, .... Wind Ei

(this set contains only zero rectus or eigenvectors
Removing zer0 vectors , we obtain a basis Bi

of eigenvectors of T for Wi Ei

Note that B: also contains elgenectors of U.

only VI.

So buth [UwilBi and [Twilpi dragonal Vi
Let B = WDi ,

then LUJB , [The dragona
=> IUTJp = [uJB Ezp diagonal
=> UT is diagonalizable.

v= Wie ...

on ...., und
↓

↓ Win

wr n
I
K n



5(a) · Suppose TV = XV
,

VIO.

Then easy
to see TMV =X

&

v by MT

=> XM is an egenvalue of Th F m>2.

(b1
.
X= 0 is obvious. So assume X * 0.

Suppose
"

is an eigenvalue of TM Fm32,

but X is not an eyenvale of
T

.

Let (pi) be a strictly increasing seg of princes ,

Pick .
Vi + V Sit. TPV = XPvi.

Observe that Tapivi = x
&P:

V: by (a)
.

- @

Claim : [U, .
.

., V] lin .
ind

.
VKEN.

Proof : K = 1 true.

Suppose kin true
,
Kint l not true.

Then Un + 1= aiVi - ②

Let M= Pi
,
then TMV:

= &U: Vi by Q
=> TMUn+= XUnt , by &

Since M, Puti coprime ,
I a

,
b sit.

aM-bpnt =

Note that Tbprt Un = XPP* Un +



We have < +** Un+= X
**
Vat

↑ beutUn+ 1
= xbpaen+, [f0)

=> T ( +bpmn+ i) = ↑ (Tbpr+ Un+)
=> X is an eigenvalue of T .

:
. Contradection

So by MI
,
the claim is proved

.

However , it is not possible to have not

lin . ind rectors when dim(V) =
n . Contradiction

The converse of (2) is proved.

(c) . Let V = RORE ...

Wn =

e
21/n

I wa" =

T (ei) = Wit , ei

Then Them-1 = em-
= Mem

· for x =1

But 1= 1 is not an eigenvale of T as

# veU s .t .
Th = v

.

: The statement is disproved .



GkVz
- (+ v

.
) =A

+
by+

v ,
= xby+

v, g
TY v

=

= X"vi = T
*

v = 19
*

V,

↑
"

Va = 1
*

V2 => ↑
PY

V2 = X
*
V2

-


